We study a system of nanowires, i.e., the theory of 1+1 dimensional massless fermions interacting with 3+1 dimensional U(1) gauge fields. When allowing for non-zero chemical potentials, this system has a complex action problem in the conventional formulation. We show that the partition sum can be mapped to a dual representation where the fermions correspond to dimers and oriented loops on 2-dimensional planes embedded in 4 dimensions. The dual degrees of freedom for the gauge fields are surfaces that either are closed or bounded by the fermion loops. In terms of the dual variables the complex action problem is overcome and Monte Carlo simulations are possible for arbitrary chemical potentials.
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I. INTRODUCTORY REMARKS
Monte Carlo simulations of lattice field theories belong to the most powerful tools for the nonperturbative analysis of quantum field theories. However, in the conventional formulation of a lattice field theory a Monte Carlo simulation is not always possible because the action S can be complex and the Boltzmann factor e −S does not have a probabilistic interpretation. This so-called complex action problem (or sign problem) is typical for quantum field theories at finite densities. For overcoming the complex action problem a variety of approaches was considered, such as re-weighting, complex Langevin dynamics or various series expansions. In some cases even a complete solution was achieved by exactly rewriting the partition sum in terms of new degrees of freedom, so called dual variables (see, e.g., [1] [2] [3] [4] [5] [6] for reviews).
The dual variables are loops for matter fields and surfaces for the gauge field degrees of freedom. The surfaces are either closed or bounded by matter flux. For fermions an additional problem appears: The loops pick up signs coming from the Grassmann nature of the variables as well as from the Clifford algebra. This additional source of problems is the reason that there are only very few results of a real and positive dualization of gauge theories with fermions.
In the current paper we generalize the successful dualization [7, 8] of massless fermions interacting with U(1) gauge fields in two dimensions to the case of QED with 3+1 dimensional U(1) gauge fields and a set of 1+1 dimensional fermions which may be interpreted as nano-wires. The fermions live on two-dimensional coordinate planes embedded in 3+1 dimensions. At non-zero chemical potential the model exhibits a complex action problem in the conventional representation which we solve by mapping the system to a dual representation. Our dual representation for the set of nanowires also may be viewed as a partial dualization of full QED in four dimensions, since the fermion loops we consider here are a subset of the loops appearing in full QED.
The model considered here is not only interesting as a further step in the program of finding dual representations for lattice field theories, but is directly related to the physics of graphene [9] . More specifically, our model of QED 4 with fermion sections corresponds to an array of graphene nano-wires. The peculiar properties of electrons in graphene, such as their Dirac spectrum and their strong coupling to the electro-magnetic field opens the possibility to use such wires (nano-ribbons) as systems for the construction of antennas sensitive to infrared radiation [10] [11] [12] , and the model studied in our paper is the lattice regularization of such a system.
II. DEFINITION OF THE MODEL
Our model of nanowires is defined as follows: For the electromagnetic field we use the conventional compact formulation, i.e., the gauge degrees of freedom are the link variables U ν (n) ∈ U(1), ν = 1, ... 4, living on the links of a 4-dimensional lattice. The sites of the lattice are denoted by n, the lattice size is N 3 S × N T and the gauge fields obey periodic boundary conditions. For the gauge action we use the Wilson form,
where U µν (n) denotes the plaquettes,
The fermions in our system are restricted to 1-dimensional spatial wires, which we choose to be straight lines parallel to one of the coordinate axes. is parallel to the 2-direction, then the corresponding plane is given by are held fixedthey specify the spatial position of the wire axis which is parallel to the 2-direction. For later use we also introduce functions θ (j) ν (n) which are 1 for all links in the plane p (j) and 0 otherwise, i.e.,
The fermions are restricted to the wires. Thus for each wire j we have a set of Grassmann numbers
We here use staggered fermions, such that the Grassmann variables do not carry a spinor index. They obey periodic boundary conditions in their spatial direction and anti-periodic boundary conditions in time.
The action S F [ψ, ψ, U ] for our system of massless fermions on the wires interacting with the gauge field is given as a sum over the contributions S (j)
By γ ν (n) we denote the staggered sign factors,
n1+n2+n3 . On each wire j we allow for a chemical potential µ j , which couples to the temporal hopping terms in the canonical way.
The partition sum is given by
For integrating the gauge fields in the path integral we use a product of U(1) Haar measures dU ν (n),
The path integral measure for the fermions is a product of Grassmann measures for all fermion degrees of freedom,
where for later use we have written the overall fermion measure as a product over the measures D[ψ j , ψ j ] for the individual wires.
III. DUAL REPRESENTATION FOR INDIVIDUAL WIRES
The mapping of the partition sum (8) to its dual representation starts with observing that the fermionic part Z F [U ] of the partition sum can be factorized into a product of the fermionic partition sums Z (j)
where the fermionic partition sum Z (j)
The factorization (12) follows from the facts that the fermion action is a sum over the contributions from the wires (6) and the factorization of the Grassmann integration measure (10). The key observation for obtaining the real and positive dual representation is to note that the partition sums Z (7) can propagate only in a 2-dimensional plane. The only difference to the standard formulation of 2-dimensional staggered fermions is that here the 4-dimensional staggered sign function is used.
Let us for example consider a wire in the 3-direction. Then the fermions have hopping terms in the 3-and the 4-direction. The corresponding staggered sign functions thus are the spatial sign function γ 3 (n) = (−1) n1+n2 and the temporal one, γ 4 (n) = (−1)
n1+n2+n3 . In the standard 2-dimensional formulation one uses γ 1 (n) = 1 for the spatial hops and γ 2 (n) = (−1) n1 for the temporal hops. However, when mapping the partition sum to a sum of loops this difference plays no role: In both, the 4-d and the 2-d case integrating out the fermions gives rise to configurations of loops and dimers in a plane which is the 1-2 plane for the 2-d case and the k-4 plane for a wire in direction k = 1, 2 or 3. For the dimers the corresponding γ ν (n) factor is squared and drops out. For a loop the product of the factors γ ν (n) for all links of the loop have to be taken into account. For our example of a loop in the 3-4 plane the relevant staggered signs γ 3 (n) and γ 4 (n) both have a factor (−1) n1+n2 which is the same for all links in the loop, since n 1 and n 2 only define the position of the 3-4 plane carrying the loops. Thus for a given loop l we have an overall factor (−1) (n1+n2) * |l| where |l| denotes the length of the loop. Since all loops have even length (note that N S and N T are even for staggered fermions) this factor drops out. Thus the sign factors of the loops on planes embedded in 4 dimensions are the same as in the genuine 2-d case. These signs are related to shape properties of the loops such as the overall length, the number of plaquettes inside a loop and the total winding number of the loops around the compactified time direction. For massless staggered fermions in 2 dimensions it was shown [7, 8] that all signs cancel when the partition function is represented as a sum of loop and dimer configurations. Since this result depends only on shape properties of the loops, it carries over to the loops on planes in 4-d.
Strictly speaking this result holds only after the gauge fields are integrated out, a step we discuss in detail below. This enforces overall charge neutrality due to Gauss' law, which in turn gives rise to equal temporal winding numbers of loops for positive and negative charge. Thus the overall temporal winding number is even and the sign contribution from the anti-periodic temporal boundary conditions is +1. We remark at this point that, as in the 2-d case, a mass term spoils the positivity due to the appearance of monomer terms [7] .
We obtain the following exact representation for the fermionic partition sum Z 
The sum runs over all configurations {l (j) , d
(j)
} of oriented loops l (j) and dimers d (j) in the plane p (j) relevant for wire j. The configurations have to be such that each site in p (j) is either the endpoint of a dimer or run through by a loop. All loops l (j) are dressed with the gauge links U ν (n) along their contour where the exponent s ν (n) takes care of the orientation the link (n, ν) is run through by the loop, i.e., s ν (n) = +1 for links that are run through in positive direction and s ν (n) = −1 for negative direction. We refer to the s ν (n) as the link occupation numbers. Finally, the chemical potential is coupled to the total net winding number W [l (j) ] of all loops around compactified time. Here N T is the temporal extent of the lattice, which coincides with the inverse temperature β in lattice units, i.e., N T = β. Since in the grand canonical ensemble the chemical potential couples to the particle number N in the form e µβN , we can identify the total net winding number W [l (j) ] as the number of charges on wire j.
IV. INTEGRATING OUT THE GAUGE FIELDS
The total fermionic partition sum Z F [U ] is a product over the partition sums (14) for the individual wires. These are sums over loops which are dressed with the gauge fields U ν (n). For illustration, in the lhs. plot of Fig. 1 we show a configuration of loops in two planes. Note that the remaining sites in both planes are filled with dimers which we do not show to avoid overcrowding the plot.
To obtain the full partition function Z the fermionic partition function
F [U ] still has to be integrated over the gauge fields with the Boltzmann factor e −S G [U ] for the gauge fields,
For integrating the gauge fields we write the Boltzmann factor of the gauge fields as a product of individual factors [13, 14] ,
where in the second line we have expanded these individual factors, using the fact, that the corresponding exponential is the generating function of the modified Bessel functions I p . Since the product runs over all plaquettes, we have one expansion index p µν (n) ∈ Z for each plaquette. The p µν (n) are referred to as plaquette occupation numbers and constitute the dual variables which describe the gauge degrees of freedom. In the form (16) the link variables in the Boltzmann factor e −S G [U ] are brought down from the exponent and appear in powers U µν (n) pµν (n) of the corresponding plaquettes (2). For each link (n, ν) we can now collect the link variables U ν (n) that are contributed from the plaquettes attached to that link and from all loops that run through the link (n, ν). Thus each link variable U ν (n) appears in the form U ν (n) aν (n) , where the exponent a ν (n) combines the link occupation numbers s ν (n) of all loops running through the link (n, ν) and the plaquette occupation numbers p µν (n) of all plaquettes attached to that link. The integration of the gauge fields now is straightforward. The key formula is
which follows from the fact that integrating powers of a U(1) phase is a representation of the Kronecker delta, which here is denoted as δ(k) ≡ δ k,0 . Integrating out the gauge fields thus gives rise to a product over constraints at all links: The total flux from the loops containing that link and the plaquettes attached to that link has to vanish. These constraints have a simple interpretation: Admissible plaquette occupation numbers are such that the plaquettes form 2-dimensional surfaces of equal occupation numbers. The surfaces can have boundaries where the flux on the links of the boundaries is compensated by the fermion loops. Alternatively the plaquette occupation numbers can form closed surfaces. In the rhs. plot of Fig. 1 we show an example of an admissible configuration of plaquette occupation numbers for the configuration of loops shown in the lhs. plot. Non-vanishing plaquette numbers are indicated by arrows on the plaquettes (in this configuration only plaquette occupation numbers ±1 appear).
Thus we can summarize the dual representation as follows:
(18) The partition sum is a sum over all admissible configurations {l (j) , d (j) } of loops and dimers in all planes j = 1, 2, ... N w . The admissible configurations are such that each site of the plane is either run through by a loop or is the endpoint of a dimer. The chemical potentials µ j for the wires enter via the total temporal winding number W [l (j) ] of the loops. For each given loop configuration one has to sum over all configurations of the plaquette occupation numbers p µν (n) such that the plaquettes form surfaces that are either closed or bounded by the loops. The corresponding Boltzmann factor is the product of the Bessel functions I pµν (n) (β).
We stress that in the dual representation (18) all contributions are real and positive, such that the complex action problem is solved. In terms of the dual variables a Monte Carlo simulation of the system of nanowires is possible for arbitrary values of the chemical potentials. Suitable powerful algorithms for U(1) gauge fields in the dual representation were developed in the context of abelian gauge Higgs systems [13, 14] and can be adapted for simulating (18) in a straightforward way. We are currently implementing such a simulation starting with the simpler and less computer time consuming 2-dimensional case [7, 8] .
V. COMMENTS ON DUAL OBSERVABLES
Observables can be generated either by derivatives with respect to the couplings of the theory, i.e., β and the µ j , or by derivatives with respect to suitably introduced sources. These derivatives can then be eval-uated also in the dual representation of the partition sum and in this way one identifies the dual form of the observables.
For the example of the plaquette expectation value we find (V = N 3 S N T )
where the expectation value on the rhs. is understood in terms of the dual variables. I p (β) denotes the derivative of the generalized Bessel function with respect to β. In a similarly simple way we obtain the particle number density n (j) in wire j as a derivative with respect to µ j ,
The corresponding susceptibilities are obtained by another derivative with respect to β and µ j , respectively, and one finds that the dual representations of bulk observables are moments of the dual variables and their weights. However, also n-point functions can be represented in the dual form. One can couple real valued source terms b
ν (n) to the fermionic nearest neighbor terms such that they enter the fermion action in the form (we here leave out the staggered factors γ ν (n) and the chemical potential terms),
. The source terms couple to the gauge invariant nearest neighbor terms. They can be used to obtain n-point functions of various currents by suitable derivatives with respect to b 
When dualizing the fermions the sources appear in the same way as the gauge links, i.e., they appear as factors along the loops. The subsequent integration of the gauge fields then can be done as before. The resulting dual partition function with sources has essentially the same form as before, but the links of the loops are now dressed with the sources: b ν (n) for negative orientation. Now taking the derivatives is straightforward and n-point functions of ψ j (n)U ν (n)ψ j (n +ν) and ψ j (n +ν)U ν (n) ψ j (n) in the dual representation turn into the correlators of the corresponding links. More explicitly, the n-point function receives contributions from all those dual configurations where all n links are occupied by a loop with the correct orientation.
VI. CONCLUDING REMARKS
In this paper we present a new example of a successful solution of a complex action problem by an exact mapping of the partition function to dual variables. The model analyzed is a system of nano-wires interacting with the electromagnetic field. The solution makes use of a previous result for 1+1 dimensional massless fermions, where a loop representation was found in which all minus signs from the fermionic nature were eliminated. The coupling to the gauge fields can easily be generalized to the 4-dimensional case, and several 1+1 dimensional fermions can be combined into a a system of nanowires. The resulting dual form of the partition function is a sum over 2-d loops for the fermions in the wires and surfaces for the gauge fields. The surfaces are either closed or bounded by the fermion loops.
Arbitrary chemical potentials µ j can be coupled for the different nanowires and the corresponding complex action problem of the conventional representation is completely overcome in the dual representation, i.e., all weights in the dual representation are real and positive for arbitrary µ j . The chemical potentials couple to the temporal net winding numbers of the loops and give different weight to forward and backward winding, revealing the interpretation of the temporal winding number as the dual form of the net particle number.
We remark that the results presented here correspond to a partial dualization of full QED, since the 1+1 dimensional loops appearing here are subsets of the full 4-dimensional loops of QED. A different partial real and positive dualization of QED based on hopping expansion techniques was presented in [15] . We expect that the program of finding dual representations for systems of interacting fermions will profit from analyzing various sub systems, and we hope that the results presented here will contribute to finding more general dual forms.
